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We consider  the case of quas i - i so thermal  heat t ransfer  in the laminar  flow of a non-Newtonian 
medium with slip in c i rcu la r  and pIane channels.  The cMculation is based on the simultaneous 
solution of the equations of energy,  motion, and a rheologica[ relation with the specific bound- 
a ry  conditions which takes into account discontinuity in the velocity and t empera tu re  on the 
hea t - t r ans fe r  surface .  

Exper iments  show that under no rma l  conditions boundary- layer  slip can be observed in media which 
are  s t ruc tura l ly  viscous [1,2], v iscoelast ic  [3,4], viscoplast ic  [5 ,6] ,e tc .  Motion with slip can also ~e ob- 
served in ord inary  Newtonian liquids when they move in ve ry  fine capi l lar ies  [7]. There  is information 
that in the flow of blood in capi l lar ies  and ar ter io les  the flow rate per second in a capi l lary can exceed that 
calculated by Po i seu i l l e ' s  equation (ignoring slip) by 2-4 t imes .  

Discontinuity in velocity and tempera ture  at the hea t - t r ans fe r  surface can ar ise  as a resuI t  of c r y s t a l -  
lization, c ross - l ink ing  of polymer  chains,  or the presence  of elast ic  waves which absorb some of the mo-  
mentum and heat  and also as a resu l t  of the detachment of the liquid from the surface.  

The equation for the energy in a steady continuous ax isymmetr ie  laminar  flow at P6elet  numbers  
P > 10 has the form 

(0t) Ot a O r ~ (1) 
w 0-~ = r  Or 

Here  w is the flow velocity, t is the flow tempera ture ,  a is the coefficient of thermal  diffusivity. 

Since non-Newtonian media displaying slip are  charac te r ized  by Prandt l  numbers  ~ = va -1 >> 1 
(dynamic per turbat ions are  propagated more  intensively than thermal  ones), we can assume that heat t r ans -  
fer is concentrated in a na r row region at the wall, y = R - r ,  and that the thermal  boundary layer  of the 
liquid is plane. 

Ignoring y in compar ison  with the radius R of the tube in (1), and introducing for convenience the 
dimen sionles s var iables  

:~ y t - - t o  X ~ Y 
v ~ -  tt _ t o  , D ' D ' 

we can write Eq. (1) in the thermal  boundary layer  as 

p . . . .  Ov 0% 

D <w) w 
P - ~ - - ~  , o)(Y)~T~ 7 

(2) 

Here  t o is the liquid t empera tu re  at the boundary of the thermal  boundary layer ,  equal to the liquid 
t empera tu re  at the iniet to the chamlel, and (w) is the average flow velocity.  

Equation (2) is approximate for a tube, but exact  for a plane channel.  
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I n t r o d u c i n g  the v a r i a b l e  

= F (Y) X-V, 

we can  r e d u c e  (2) to an o r d i n a r y  d i f f e r e n t i a l  equa t ion  

(3) 

v' (Ti) [d/a Po) (Y) F (Y) X-'l, + F" (Y) X-W] + v" 01) [F' (Y)P X-V, ~-- 0 (4) 

H e r e  F{Y) ~ Pc0 (Y) i s  an,  a s y e t ,  unknown funct ion of y .  

In g e n e r a l  F(Y) i s  found f r o m  the  equa t ion  of mot ion ,  u s ing  a r h e o l o g i c a l  r e l a t i o n  for  the  l iqu id  unde r  
c o n s i d e r a t i o n .  

�9 V i s c o e l a s t i c  l i qu id s  e v i d e n t l y  a r e  the  m o s t  g e n e r a l  c l a s s  of  non -Newton ian  m e d i a .  T h e i r  r h e o l o g i c a l  
b e h a v i o r  m u s t  r e f l e c t  in s o m e  f o r m  o r  a n o t h e r  the p a r t i c u l a r  f e a t u r e s  of the  mot ion  which  a r e  i n h e r e n t  in 
m e d i a  which  a r e  s t r u c t u r a l l y  v i s c o u s ,  v i s c o p l a s t i c ,  e t c .  The e f fec t  of b o u n d a r y - l a y e r  s l i p  in v i s c o e l a s t i c  
m e d i a  i s  v e r y  n o t i c e a b l e ,  a s  i n d i c a t e d  by  d i r e c t  m e a s u r e m e n t s  of the  s l i p  of p o l y m e r  m e l t s  a t  a wa l l  u s ing  
g r a p h i t e  c a p i U a r i e s  [9]. I t  is  a l s o  known [10] tha t  the  s l i p  v e l o c i t y  of  v i s c o e l a s t i c  m e d i a  can c o m p r i s e  a p -  
p r o x i m a t e l y  80% of the  s h e a r  v e l o c i t y .  

C o n s i d e r  the  f o r m  of  the  funct ion  w(Y) in the c a s e  when the  v i s c o e l a s t i c  p r o p e r t i e s  of the  m e d i u m  a r e  
de f ined  by  the  equa t i ons  [11] 

w" [~ + / (~)]-~ ---- ~ = % + 0 [~ + / (~)] (5) 

] (x) ~ p ~  - Prr = --  TeV* In (i - -  ~/~,) (6) 

H e r e  w" - d w / d n  i s  the  v e l o c i t y  g r a d i e n t  in the  d i r e c t i o n  of n;  T i s  the  s h e a r  s t r e s s ;  0 is  the i n s t a -  
b i l i t y  c o e f f i c i e n t  of  t he  e l a s t i c  s t r u c t u r e ;  ~o 0 i s  the  f lu id i ty  a s  T - -  0; ~ e  i s  a d i m e n s i o n l e s s  c o e f f i c i e n t  which  
i s  a m e a s u r e  of  the  a p p e a r a n c e  of the  f i r s t  d i f f e r e n c e  of the  n o r m a l  s t r e s s e s ;  T ,  is  the  c r i t i c a l  va lue  of  the 
t a n g e n t i a l  s h e a r  s t r e s s  (the s a t u r a t i o n  s t r e s s ) .  

When Ye = 0, we have  m o t i o n  in s t r u c t u r a l l y  v i s c o u s  c o n d i t i o n s ,  whi le  when 0 = 0 we have  mo t ion  with  
c o n s t a n t  v i s c o s i t y .  

The  d i s t r i b u t i o n  of  the  t a n g e n t i a l  s t r e s s e s  o v e r  the c r o s s  s e c t i o n  of a v i s c o e l a s t i c  f low in a tube  u n d e r  
the  a s s u m p t i o n  tha t  P r r  - Pgaga ~ 0 i s  d e t e r m i n e d  f r o m  the  e q u i l i b r i u m  cond i t ion  

o , , t o 'rv'  o 
-~xx(--p-[-p~x)=7--~F(), ~-r ( - - P W P r r )  -~0 (7) 

E q u a t i o n s  (7) a r e  e a s i l y  r e d u c e d  to  one equat ion  

__~[__p(O,x)+p:~__prr]= I 0 
7- W (r•) 

H e r e  p(0,  x) is  the  p r e s s u r e  on the  cha nne l  a x i s .  

F r o m  t h i s  equa t ion  we s e e  tha t  the  p r o f i l e  of the t a n g e n t i a l  s t r e s s e s  o v e r  the  c r o s s  s e c t i o n  of  a v i s c o -  
e l a s t i c  f low i s  l i n e a r .  

F o r  a tube  

~ % ~  (~=~/R)  (8)  

w h e r e  T w is  the  t angen t i a l  s t r e s s  at  the  w a l l .  

We can  w r i t e  t he  e x p r e s s i o n  f o r  the a v e r a g e  f low v e l o c i t y  in the  tube as  

1 

t = - -  I "~ d~ w 

0 

(9) 
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Then ,  no t ing  (5) and (9), we can  w r i t e  the  e x p r e s s i o n  for  the  d i m e n s i o n l e s s  v e l o c i t y  as  

H e r e  

1 1 

o 

(lo) 

T*~---~- ~ [ t  -- ~'e ( ~ ) - 1  In  ( t  - -  .Q~)] [ t  - -  ~e Q-1 In  (l - -  ~2)1 -~ 

and ~0 w i s  the  f lu id i ty  of the  l i qu id  n e a r  the  w a l l .  

In (10) we have  u s e d  the b o u n d a r y  cond i t i on  p e r m i t t i n g  s l i p  a t  the  w a l l  [12] in the  f o r m  

w h e r e  w S is  the s l i p  v e l o c i t y ,  ~ 8 i s  the  s l i p  c o e f f i c i e n t .  

The  t e r m  2~ S D - l ,  wh ich  t a k e s  in to  accoun t  the  e f fec t  of s l i p ,  can  be c o n s i d e r e d  as  a c o r r e c t i o n  to the  
equat ion  for  con t inuous  m o t i o n .  

Subs t i t u t ing  in (10) the  c o r r e s p o n d i n g  e x p r e s s i o n s  f r o m  (5), (6), and (8), and c o n s i d e r i n g  only s m a l l  
v a l u e s  of the p a r a m e t e r  ~2, we obta in  

for  a c i r c u l a r  tube 

co (~) = 2 [ i  - -  ~ + ~/a e (l - -  ~a) + 4~sD- q [i q- 0.8e ' Q~ n -u -~  

o~, .q (i + ~) (11) 
8 ~  To 

for  a p l a n e  channe l  

(o(~) = 1.5 [t - -  ~2 + 2/as (l - -  ~a) + 4~sD_,] [t + 0.75e 
+ 6 ~sD-1] -~ (12) 

S ince  ~ = 1 - y / R ,  y <<R in the  t h e r m a l  b o u n d a r y  l a y e r ,  we can i g n o r e  the  q u a d r a t i c  t e r m s  in (11)and 

Then fo r  a c i r c u l a r  tube we have  

r (Y) --  (8Y (t + ~,) + 8~s D-l]  [1 + 0.88 + 8~sD-q-* (13) 

C on se  quen t ly ,  

w s (t  § 0.8~D D ) - I  

Thus ,  in th i s  c a s e  the s l i p  v e l o c i t y  c o m p r i s e s  a s m a l l  p r o p o r t i o n  of the  a v e r a g e  v e l o c i t y ,  if  

0.t25D (i  + 0.8~) >~ Cs 

In a c c o r d a n c e  wi th  (13) i t  i s  c o n v e n i e n t  to de f ine  F (Y) as  

F (Y )  = (Pro)v, (Y + S), m = (l + 0.8en -x q- 8S)-X, S = ~s/Dn,  

n = I + e (14)  

L e t  us  obta in  the  so lu t ion  for  the  c a s e  t w = c o a s t .  Subs t i tu t ing  (13) and (14) in (4), we f ind 

u" 01) § S/a~lZV' 01) = 0 (15) 

The  b o u n d a r y  c o n d i t i o n s  for  (15) have  the  f o r m  

T I = S ( P m l X ) % _ _ ~ Z ,  v = vs as Y - ~ 0  
~1 "+ oo, v = t  as Y - + c ~  

(12). 
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The f i r s t  b o u n d a r y  condi t ion p e r m i t s  a d iscont inui ty  between the wall  t e m p e r a t u r e  and the t e m p e r a -  
t u r e  of the v i s c o e l a s t i c  m e d i u m  at the s u r f a c e  of the wal l .  The exp re s s ion  for  the t e m p e r a t u r e  d iscont inui ty  
can be wr i t t en  in a f o r m  s i m i l a r  to the sl ip condi t ion for  the ve loc i ty  

8r 0~ I 
Vs = -Y- b-~ lr-~ (16) 

H e r e  s --- ~t /or  S is the magni tude  of the t e m p e r a t u r e  d iscont inui ty .  

The solut ion of (•5) is 

~] ~o c o  

(17) 

Subst i tut ing (17) in ( 1 0 ,  we have 

- L 

z 

(1 s) 

We can t r a n s f o r m  (18) to the f o r m  

z 

f r o m  which  we see  that  at  v e r y  l a r g e  P r a n d t l  n u m b e r s  ~ the t e m p e r a t u r e  d iscont inui ty  is an ins igni f icant  
p a r t  of the t e m p e r a t u r e  d rop  t w - t o and it can be ignored .  In (18) v,  c, and y a r e  r e s p e c t i v e l y  the k ine -  
mat ic  v i s c o s i t y ,  the spec i f i c  hea t ,  and the spec i f ic  g r a v i t y  of the l iquid.  

The loca l  value of the Nusse l t  n u m b e r  is 

ov I = {~__r ~ -- r (V~, z~)tr (113) }-* 
N x  = ~-~ Y=0 -]- t.077 (Pro LX) '/' oxp (-- V' Z') (19) 

F igu re  1 shows the r e s u l t s  of ca lcu la t ions  f r o m  this equation for  the case  P m X  -1 = 10 (the c u r v e s  1-4 
c o r r e s p o n d  to the va lues  S = 0, 0.2, 0.6, 0.8). We see  that  sl ip m a y  have a m a r k e d  effect  on hea t  t r a n s f e r  
only in the reg ion  of s m a l l  va lues  of s T D- I ,  i .e . ,  when the P rand t l  n u m b e r  is v e r y  l a rge .  

F o r  the c a s e  t w = cons t  the th ickness  of the t h e r m a l  boundary  l a y e r  has  the f o r m  

6~ = ~ +0.gzaU,  r~t~-Z~)lr(P'~/'" 8 z~)l-* (20) r ('/a) J D.x-~r/ exp ( --  -g 
k g J  

We see  that  the bounda ry  l a y e r  at  the wal l  s ign i f ican t ly  affects  the th ickness  of the t h e r m a l  boundary  
l a y e r .  

t2 

0.8 

9..q" 

0 r I 
2 

Fig .  1 

Er# -~ 
I 

Let  us  obtain the solution for  the c a s e  qw = cons t .  D i f f e ren t i -  
a t ing (2) with r e s p e c t  to Y and in t roduc ing  the ra t io  of the dens i t i e s  
of the t h e r m a l  flux by m e a n s  of  the equat ion 

we have 

q - -  oY \OY Y=o 

8pro ~ = _a_ I ~ aq ~ 
aY  \ Y +  s o y  / 

By in t roduc ing  the va r i ab le  (3) we t r a n s f o r m  (21) to 

8~ 3 -  3 , . .  
q" (n) + - - v g -  q ~n~ = o 

the solut ion of which fo r  the boundary  condi t ions  

Y-->0, q-----Z, q = l ;  Y->=~,  ~l-->~, q = 0  

(21) 
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has the form 

co 
g , 3 ~ - 1  

Z 

C on se quently, 

c~ c~ 8,)d )] 
g ~3 

Here 0 * ~ k (t - t0)/qw D is the dimensionless  t empera ture .  The constant of integration is folmd from 
the condition (16). After some calculat ions we find that 

I 8.3!d  o * =  (• (- \,rip/ [~ 
Z 

c~ 

S 8 3 8 3 

z 

(22) 

Defining the local Nusselt  number  

we obtain the following from (22): 

%D 
N ~  - -  ( t ~  - -  to) 

exp (--% Z~) ):~ �9 
i .29 (,~P I x)V, [i - r el~, z , )  / r (q~)] / (23) 

Similar express ions  are  obtained for a plane channel with the only difference that instead of the coef-  
ficients 1.077 (tw = const) and 1.29 (qw = const), we have to use 0.978 and 1.175, respect ively .  Then the 
pa rame te r  m is determined from the equation 

m = n (l + 0.75e + 6 ~sD -1) -I 

In conclusion it should be noted that in the absence of velocity and tempera tu re  discontinuities at  the 
hea t - t r ans fe r  sur face ,  and also when 7 e  = 0, the hea t - t r ans fe r  expressions become the famil iar  relat ions 
for s t ruc tura l ly  viscous [13], and as m -* 1 (0 ~ 0) for ordinary Newtonian liquids [14]. 
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